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' Abstract 

^ ; 

■ In this paper, we describe a natural method to extend left invariant weights on C*-algebraic quantum 

^ I groups. This method is then used to improve the invariance property of a left invariant weight. We also 

' prove some kind of uniqueness result for left Haar weights on C*-algebraic quantum groups arising from 

. algebraic ones. 

0\ 

^ r . ■ 

<^ ■ Introduction 
> 

^ ■ Possibly the most important object associated to locally compact groups is the left Haar measure. So it 

^ . is not a great surprise that a major role in the C*-algebraic approach to quantum groups is played by so 

called left Haar weights. However, there are some different ways to expres the left invariance. 

We will discuss one of them in this introduction. 
• 1—1 . 

I Therefore, consider a Hilbert space H and a non-degenerate sub-C*-algebra B of B{H). 

' Let v,w G H, then ajy^w denotes the element in B* such that coy^^^^x) = {xv,w) for every x <E B. 

Consider moreover a comultiplication A on i?, this is a non-degenerate *-homomorphism from B into 
M{B ® B) which is coassociative: (A ® l)A = (i (g) A)A. 

Probably the weakest interesting form of left invariance is the following one. 

Let (/3 be a densely defined lower semi-continuous weight on B, then we call weakly left invariant if and 
only if we have for every x € B^ with ip{x) < oo and every v € H that 

(g) i)A{x)) = {v,v) ip{x). 

It seems to be an interesting question whether it is reasonable to require that a left invariant weight 
satisfies also some kind of converse : 

Let if he a densely defined lower semi-continuous weight on B, then we call tp left invariant if and only 
if ip satisfies the following two conditions : 

1. is weakly left invariant 

2. Let X be an element in B~^ . If ip (^{ujy i)A{x)^ < oo for every v G H, then we have that 1^9(2;) < 00. 
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We prove in the first section that under some extra conditions on (B, A), any weakly left invariant weight 
has a smallest extension which is left invariant. We would like to mention that C*-algebraic quantum 
groups according to an upcoming definition of Masuda, Nakagami and Woronowicz will satisfy these extra 
conditions. 

In the last section, we apply the results of the first section to prove two results concerning left invariant 
weights on C*-algebraic quantum groups arising from algebraic ones (see and |l3| ) : 

• We show that the canonical left Haar weight is automatically left invariant in the sense above. As 
a consequence, we get also that the form of left invariance mentioned above is equivalent with an 
ever stronger form of left invariance involving the slice C*-valued weight u® i^. 

• We prove that left invariant weights are uniquely determined under some relative invariance condi- 
tion. A similar result for quantum E(2) can be found in [Q. 

It seems that the techniques used in this last section can also be applied to the more general case of 
C*-algebraic quantum groups according to Masuda, Nakagami & Woronowicz. 

We should mention that the used terminology of left invariance and weak left invariance is by no means 
standard. It was only introduced to be able to talk about left invariance. 

We end this introductions with some basic notations and results. 

For any Hilbert space _ff , the set of bounded operators on H will be denoted by B{H) whereas the set of 
compact operators on H will be denoted by Bo{H). 

Consider a C*-algebra B. A norm continuous one-parameter group a on B is a group homomorphism 
from K into the group of *-automorphisms on B such that the mapping R — > B : 6 i— > af(6) is norm 
continuous for every b ^ B. 

Using the theory of analytic functions, we can define for every complex number z a closed linear operator 
az from within B into B. (see e.g. |3| ) 

Let (fi he a. densely defined lower semi-continuous weight on a C*-algebra B. We will use the following 
notations: 

• M+ = {be B+ \ ip{b) <oo} 

• N^^{beB \ ip{b*b) <oo} 

• = span M+ = Af*J^^ ■ 

A GNS-construction of (p is by definition a triple (i?^, tt^, Aj^) such that 

• is a Hilbert space 

• is a linear map from Mip into such that 

1. h.^{N^) is dense in 

2. We have for every a,b E JV^p that (A^(a), A^ (6)) = ip{b*a) 
Because ip is lower semi-continuous, is closed. 

• 7r,p is a non-degenerate representation of B on H^p such that T:^{a) A^{b) = A^{ab) for every a € 
M(B) and b e N^p. (The non-degeneracy of tt^ is a consequence of the lower semi-continuity of ip.) 
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1 A natural extension of left invariant weights 

In this section, we consider a Hilbert space H , a non-degenerate sub-C*-algebra B of B{H) and a non- 
degenerate *-honiomorphism A from B into M{B ® B) satisfying the following properties: 

1. (A ® l)A = {l<^ A)A 

2. Let b be an element in M{B). If A{b) = 6® 1, then b belongs to CI. 

Furthermore, we assume that (_B, A) arises from a unitary W on H iSi H, i.e. is a unitary operator on 
H ® H such that 

1. A(a;) = W*{1® x)W for every x & B. 

2. B is the closure of the set { (t uj){W) \ uj G Bo{H)* } in B{H). 

Consider v,w H. Then LOy^^ will denote the element in B* such that u!y,wix) — {xv, w) for every x Cz B. 

We will moreover assume the existence of a densely defined lower semi-continuous weight ip on B such 
that we have for every x E and every v E H that {uj^^^ (g) l)A{x) belongs to and 

^{{iOv,v <8) i')A{x)) = ip{x) {v,v) . 

The purpose of this section is to arrive at a natural extension of this weight ip. We use this extension to 
prove some interesting results about C*-algebraic quantum groups in the last section. 

Notice that the left invariance property implies also that {uj^^w ^ l)A{x) belongs to B for every x E B 
and every v,w E H. 

The proof of the following lemma is essentially the same as the proof of lemma 1.4 of We include it 
for the sake of completeness. 

Lemma 1.1 Consider b G i?+ such that {ojy,^ ® i)A[b) belongs to Ai^ for every v G H . Then there 
exists a unique element T in B{H)^ such that (Tv, v) = if{(ujy^y ® t) A(&)) for every v E H . 

Proof : By polarisation, we have for every v,w E H that (uJv^w ® '^)^(^) belongs to Aiip. This allows 
us to define a semi-innerproduct ( , ) on iJ such that (w, w) — (pi^iujy^w ® t)A(6)) for every v,w E H . 
Define the subspace N ^ {v E H \ (t;,w)=0} and turn into a innerproduct space in the usual way. 
Define K to be the completion of ^. 

Next, we denote the quotient mapping from H into by F , so is a linear mapping from H into K 
such that (F{v), F{w)) ~ i)A(6)) for every v,w E H. In the next part, we will prove that F 

is continuous. 

Choose a sequence (w„)5^i in H, v £ H and w & K such that (w„)5^i v and {F{vn))^^i ~^ ^• 
Take e > 0. Then there exists G such that \\F{vn) — F{v„i)\\ < e for every m, n G N with m,n> n^. 
This implies that 

(g, i)A{b)) = \\F{vn - v^)f < (*) 

for every m, n G IN with m,n> uq. 

Take I G N with I > uq. Because ( (g) t)A(6))^_^ converges to {LOy^-y^v^-v ® t)A(6), the 
lower semi-continuity of ip and the previous inequality imply that 

)A{b)) < . 
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Consequently, \\F{vi) — F{v)\\ < e. 

So we have proven that {F{vn))'^^i converges to F{v), which imphes that F{v) = w. 

Hence, we see that F is closed implying that F is continuous by the closed graph theorem. 

Define T = F*F, then T belongs to B{H)+ and {Tv,v) = {F{v),F{v)) = <fi{{u)y,y O L)A{b)) for every 

V G H. m 

We will use the technique of the previous lemma once more in the proof of the next lemma. 

Lemma 1.2 Consider b G i3+ such that {ujv^v '■)A{b) belongs to for every v E H. Let T be the 
unique element in B{H)^ such that {Tv, v) = (p(^{uJv^v <S) t) A(6)) for every v E H . Then we have for every 
u e H igi H that {uju,u <8) (.)(A(6)23) belongs to and (p{{uiu,u 0(^(^)23)) = ((1 ^ T) u,u). 

Proof : We have by polarisation for every v,w G H that {u)v,w ® A(6) belongs to A4^ and 

v{{^v,w O (-)A(6)) = {Tv,w) . 

Using this, it is not so difficult to check for every x G H Q H that {lJx,x ^ '')(A(b)23) belongs to M'^ and 

'p{{0Jx,x ® i){A{b)23)) = ((1 ® T) X, x) (*) 

Choose y £ H ® H . Then there exists a sequence (y„)^i in H Q H such that (y„)5^i converges to 
y. Then the sequence {{tOy^^y^ ig) t)(A(6)23) )°^^ converges to {tOy^y ig) (.)(A(6)23) so the lower semi- 
continuity of (p implies that 

<f{{u)y,y ® L){A{b)23)) < liminf ((^((wj,„,y„®i)(A(6)23)))r=i 

= liminf(((l®r)2/„,2/„));;i^ = ((l®r)y,y) , 

where we used equality (*) in the second last equality. So we see that {cOy^y ® <.)(A(6)23) belongs to 

By the discussion above, we know already that (g) i)(A(6)23) belongs to Ad'^. 

Take a sequence in H Q H such that (un)J^Li converges to u. 

Choose e > 0. Then there exists no G W such that ((1 (S> T){u„ — Um), Un — Um) < for every m, n G IN 
with m,n>no. 

Take / G W with I > hq. By (*), we have for every m G W with m> no that 

</'((w„, i)(A(6)23)) = ((1 OT)(ui - Um),Ul - Um) < • 

Because ( (gx.) ( A(6)23 ) )^^;^ converges to (a;„,_„,„,_„(g)i)(A(6)23), the lower semi-continuity 
of (f and the previous inequality imply that 

0(A(5)23)) <£' . 

Using the fact that the mapping H ® H ^ M'*' : y 1— > <^((wy,j/ i)(A(6)23)) ^ is a semi-norm on H ® H, 
this last inequality implies that 

I O t)(A(6)23)) * - <p(K,« O 0(A(6)23)) * I 

i)(A(6)23))'<£. 

Therefore, we get that the sequence (g (.)(A(6)23)) converges to ip{{LOu,u ® '')(A(6)23)) • 
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By (*), we have for every n e IN that 

which impUes that ( (^((a;„„^„^ (g)(,)(A(6)23)) converges to ((l(g)T) u, u). Comparing these two results, 
we see that 

O 0(^^23)) = ((1 T) U, U) . 



Lemma 1.3 Consider b G such that {(jJv,v <8) belongs to for every v ^ H. Then there 

exists a unique positive number r such that </'((w„,„ g) t)A{b)) = r {v, v) for every v G H. 

Proof : Call T the unique element in B{H)~^ such that <p((w„,„ (g) t)A(6)) = {Tv, v) for every v G H. 
Take vi,V2,wi,W2 e H. By the previous lemma, we know that the element 
{^^Wivi^wi),w{v2^w2) t'){^{b)23) belongs to and 

0(A(6)23)) 

= ((1 T)W{vi wi), W{v2 O w;2)) 

= {W*{liSiT)W{viiSiwi),V2'SiW2) (a) 

Using the fact that A(a;) = W*{1 g) x)W for every x G B, we get that 

{^W{vi0Wl),W{v20W2) ^ 

= ('^TO(gi«,i,-u2®«;2 ® 0(^*2^(6)23^^12) 

0((AgOA(6)) 
t)((igA)A(6)) 
i)A((a;„,,„2 O i)A(6)) (b) 

By assumption, we have that {cOvi,v2 <8i t)A(fe) belongs to so the left invariance of ip implies that 
O t)A((a;„i,TO ® OA (6)) belongs to and 

v{{^^wi,w2 O0A((w,;i,„2 (g)t)A(&))) = {wi,W2) ip{{u)y^,v^ (g)(-)A(6)) . 

Using (b), this implies that 

^{{i^Wivi0wi),W{v2(^W2) ® 0(A(&)23)) = {W1,W2) ip{{uj^^,y^ O (.)A(6)) 

= (wi,W2) (7'^^i,V2) = ((T(g) l)(t;i (g)t«i),t;2 0^2) 
Comparing this equality with equality (a), we see that 

{W*{l<S>T)W{vi(dwi),V2(Sw2) = ((T(g) l)(wi (g)w;i),t;2 (g)M)2) • 
So wo arrive at the conclusion that W*{1 (g) T)W = T g 1. 

This imphcs that (1 ® T)W = W{T (g) 1). So we have for every lo € Bo{H)* that (t (g lj){W) T = 
{i®u!T){W). Because we assiuned that B is the closure of the set { {l®u!){W) \ uj G Bq{H)* } in B{H), 
we arrive at the conclusion that BT C B. The selfadjointness of T implies that also BT C B, so we see 

that T is an element of M{B). 

Furthermore, the equation W*{1 (g T)W = T(g 1 implies that A(T) = Tig> 1. By assumption, we get the 
existence of an element r G ]R~'~ such that T = r 1. The lemma follows. ■ 

This lemma justifies the following definition. 
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Definition 1.4 We define the mapping 9 from into [0,oo] such that we have for every b G B'^ that 

• // {ujy^y (8) L)A{b) belongs to for every v G H , we define 9{b) to be the unique positive number 
such that {p[{ujy^y ® t)A(6)) = 9{b) {v, v) for every v G H . 

• // there exists v Cz H such that {uy^y i)A(fe) does not belong to A^J, we define 9{b) = cxd. 

Proposition 1.5 The mapping 9 is a densely defined lower semi- continuous weight on B which extends 
V- 

Proof : It is easy to check that is a weight on B which extends 95. We turn to the lower semi-continuity. 
Choose a G M'*'. Take a sequence in B^ and b G B^ such that ^ ^ a-nd 6'(6„) < a for 

every n G N. 

Take w E H. Choose m G N. Because 9{bm) < a, we have by definition that {ujw,w ® t)A(5m) belongs to 
and 

V{{^w,w ® L.)A{bm)) = 9{b,n) {w, w) < a {vj, w) . 

Because ( {w^.w ® converges to (ti-'„,,tu ® ^)^(^) and is lower semi-continuous, this implies 

that Lp(^{ujyj^yj (g) t)A(6)) < a {w,w). In particular, we get that {uiyj^y; (g) i)A(6) belongs to M^. 

Using the definition of 9, we see that 

9{b) {v, v) = ip{{LUy,y (g) i) A(6)) < a {v, v) 
for every v G H. Consequently, 9{b) < a. 

From this all, the lower semi-continuity of 9 follows. ■ 

Because 9 is an extension of (/s, we get immediately the following result. 

Proposition 1.6 Consider b G A4'^ and v E H. Then {ujy^y (g t)A(6) belongs to A4'^ and 

9{{UJy,y (g) L)A{b)) ^9{b){ 

We can even do better. 

Proposition 1.7 Consider b G B^ such that {iUv,v g) t)A(6) belongs to Mg for every v E H. Then b 
belongs to Ai^ . 

Proof : For every ui, M2 G 77g)i/, we define the element /„i,„2 € B* such that fui,u2{x) = (^(2;) ^1,^2) 
for every x E B. By lemma [1.3| (applied to 9 instead of (p), we have the existence of a positive number r 
such that 9(^{ujy^yj g) t)A(5)) = r {v, w) for every v,vu £ H. 

Take t;i , i;2 , wi , u'2 G -ff. By supposition, we have that {ujy-^^y,-^ g) t)A(6) belongs to yVJe. This implies by 
the definition of 9 that (iVy^^w^ g) t)A((a;i,^^^^ g) t)A(6)) belongs to A^;^ and 

'/'(('^i'2,«'2 ® '-)A(('^i'l,t"l ® O^l^))) = fi'(('^i>i,t«i ^ l')A{b)) {V2,W2) 

— r {vi,wi) {v2,W2) = r (di g) V2,wi g) W2) ■ 
Using the coassociativity of A, we have also that 

= 
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So we see that {fvi0wi,v2(g)W2 '')A(^) belongs to and that 

V'{ifvi^wi,v2(g)W2 ® i')Mb)) =r(vi(g>wi,V2(E> W2) 

This implies for every u £ H Q H that {fu,u belongs to and (p{{fu,u (X" t)A(6)) = r (u, -u). 

This allows, just as in the proof of lemma |l.2| , to conclude for every u ^ H®H that ® i) belongs 
to M+ and (Xi = {u, u). 

Let us now choose v G H. Take w G H such that {111,11)) = 1. By the preceding result, we know that 
ifw {w^v),w (w(g>v) '•)A(5) belongs to M^. Using the fact that A{x) = W*{1 (g) x)W for every x G B, 
it is easy to check that fw(w^v),w(w^v) — '^v,v so we get that (8) belongs to A^J. 

By definition, we get that b belongs to A^^. H 



2 A useful result concerning KMS-weights 

We will use the following definition of a KMS-weight (see Q): 

Definition 2.1 Consider a C* -algebra B and a densely defined lower semi- continuous weight tp on B 
such that there exist a norm- continuous one parameter group a on B such that 

1. We have that ipat ~ (p for every i G R. 

2. We have that ip{x*x) = (p{cF±{x)a±{x)*) for every x € D(a±). 

Then ip is called a KMS-weight on B and a is called a modular group for tp. 

This is not the usual definition of a KMS-weight (see Q) but we prove in Q that this definition is 
equivalent to the usual one. 

A rather useful proposition concerning KMS-weights is the foUowoing one (see |^) : 

Proposition 2.2 Consider a C -algebra B and let tp be a KMS-weight on B with modular group a. 
Consider moreover a CNS- construction [H^p, K^,T:ip) for <p. Then : 

• There exists a unique anti-unitary operator J on H such that JA^p{x) — A^((Ti. (a;)*) for every 
X eAf^n D{ai) 

• We have for every x G and every a G D{a^) that xa belongs to A/"^ and 

A^{xa) — J-K^{a ^{a))* J K^p{x) . 

We now prove that a KMS-weight has no proper extensions which are relatively invariant under its 
modular group. 

Proposition 2.3 Consider a KMS-weight (p on a C* -algebra B with modular group a. Let jj be a lower 
semi- continuous weight on B which is an extension of p and such that rj is relatively invariant under a. 
Then ip = rj. 

Proof : Take a GNS-construction {H^p, K^p,n^) for p and a GNS-construction {Hn, A.ri,Hri) for rj. 
Because rj is relatively invariant under cr, we get the existence of a strictly positive number A such that 
rjat = X* rj for every i G R. 
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So we get the existence a positive injective operator T in H,^ such that T^*Ari{a) = A 2 A,,(f7t(a)) for 
every a G A/",, and t e R. 

Choose y £ A/",,. 

Define for every n e K the element 



which is clearly analytic with respect to a. We have also that (yn)^i converges to y. 
By Q , we have for every n g IN that y„ belongs to Afjj and 



A,(2/„) = ^/ cxp(-n2t2)Af r*A(y)dt 



This implies immediately that (A^(j/„))^j^ converges to A^(y). 

We can also take an approximate unit (ei)ig/ for _B in J^^. Then (e^ „)g/xN converges to y. 

We have also for every i G I and n S N that eiy„ belongs to A/",, and h.r,{eiyn) = i^rt{Gi)Kri{yn)- 

Consequently, the net (A^(ei ?/„))(i^„)g/xN converges to A^(y). 

We have for every i £ I and n e IN that belongs to N^p and j/n belongs to D(a±) implying that ?/„ 
belongs to A/"^ by the previous proposition. 

Because f Q t], we have moreover for every i, j G I and to, ?i G N that 

||A^(ei ?;„) - A^(ej y„)|| = ||A^(ei y„) - A^(ej . 

This last equality implies that the net (A^ (e^ ?/„))(i „)g/xN is Cauchy and hence convergent in H^. 
Therefore, the closedness of A^p implies that y is an element of JVip. The proposition follows. H 



3 Improving the invariance of left Haar weights 

In 1^, we constructed the reduced C*-algebraic quantum group out of an algebraic one. We constructed a 
left invariant weight on this C*-algebraic quantum group. In this section, we will improve the invariance 
property of this left Haar weight. We will also prove a uniqueness property. It is very well possible that 
the techniques used in this section can be useful in the more case general case of C*-algebraic quantum 
groups according to Masuda, Nakagami & Woronowicz (upcoming paper). 

We will start this section with a small overview concerning algebraic quantum groups and the C*-algebraic 
quantum groups arising from them. For a more detailed treatment, we refer to |^]. 

So consider an algebraic quantumgroup A) according to A. Van Daele (see [|l^). This means that 
{A, A) satisfies the following properties : 

The object A is a non-degenerate *-algebra and A is a non-degenerate *-homomorphism 
A : ^ — > M{A A) satisfying the following properties: 

1. (A0t)A = (i0 A)A. 

2. The linear mappings Ti,T2 from Aq A into M (A A) such that 

Ti(a0 5) = A(a)(l 5) and 
T2(a0 5) = A(a)(6 1) 

for all a, 6 G A, are bijections from Aq A into Aq A. 
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We assume furthermore the existence of a non-trivial positive Hnear functional ip on A such that we have 
for all a,b G A that 

(tO v9)(A(a)(6(g) 1)) = ip{a)b . 

Next, we take a GNS-pair {H, A) of the left Haar functional (p on A. This means that 77 is a Hilbert 
space and that A is a linear mapping from A into H such that 

1. The set A{A) is dense in H. 

2. We have for every a,be A that (A(a), A(6)) = ip{b*a). 
As usual, we can associate a multiplicative unitary to {A, A) : 

Definition 3.1 We define W as the unique unitary element in B{H ® H) such that 

W {Aq A){A{b){a (g) 1)) = A(a) i8) A(6) for every a,b G A. The element W is called the fundamental 

unitary associated to (A, A). 

The GNS-pair {H, A) allows us to represent A by bounded operators on H : 

Definition 3.2 We define tt as the unique * -homomorphism from A into B{H) such that 7r(a)A(6) = 
A{ab) for every a,b A. We have also that n is injective. 

Notice also that it is not immediate that tt{x) is a bounded operator on H (because (p is merely a 
functional, not a weight), but the boundedness of 7r(a;) is connected with the following equality : 

We have for every a,b & A that 

Tt{{l (p){A{b*){l ® a))) = (i ® CJA(a),A(fc))(W^) (1) 

The mapping tt makes it possible to define our reduced C*-algebra : 

Definition 3.3 We define Ar as the closure ofir^A) in B[H). So Ar is a non- degenerate sub-C* -algebra 
ofB{H). 

Equation ^ implies that 

Ar= closure of {{l® uj){W) \ u Bo{HY } in B{H) . 

As usual, we use the fundamental unitary to define a comultiplication on Aj.. We will denote it by A^. 

Definition 3.4 We define the mapping A^ from A^ into B{H ® H) such that Ar{x) — W*{1 ®x)W for 
all X Cz Ar- Then A^ is an injective * -homomorphism. 

It is not so difficult to show that A^ on the C*-algebra level is an extension of A on the *-algebra level : 

Result 3.5 We have for all a £ A and x £ A Q A that (tt 7r)(x) Ar(7r(a)) — {tt Q 7r){x A{a)) and 
A,.(7r(a)) (tt 7r)(a;) = (tt 7r)(A(a) x). 

Using the above result, it is not so hard to prove the following theorem : 

Theorem 3.6 We have that Ar is a non- degenerate sub-C* -algebra of B(H) and A,, is a non- degenerate 
injective * -homomorphism from Ar into M(Ar Ar) such that : 
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1. {Ar (g) L)Ar = (t (Xl Ar)Ar 

2. The vector spaces Ar{Ar){Ar ® 1) and Ar{Ar){l ® Ar) are dense subspaces of Ar (8) Ar- 

By lemma 7.11 of [0, we have the following result (which is in fact connected with the existence of the 
left invariant weight.) 

Result 3.7 Consider an element x G M{Ar). If Ar{x) = x®l, then x belongs toGl. 

So we see that the pair (A^, A^) satisfies the requirements of the beginning of section 

In , we use the functional ip to construct a left invariant weight on Ar . This weight will be denoted by 
the symbol Lpr (in |^], it was denoted by (p). 

The weight is determined by the following theorem (see 0, theorem 6.12, proposition 6.2 and the remarks 
after it) : 

Theorem 3.8 There exists a unique closed linear map A,, from within Ar into H such that tt{A) is a 
core for Aj. and Ar(7r(a)) = A(a) for every a € A. 

There exists moreover a unique weight ipr on Ar such that {H,Ar,L) is a GNS-construction for ipr- 
We have also that 7r(A) C A4^^, and that (pr{TT{a)) = ^{a) for every a G A. 

Proposition 3.9 The weight ipr is a faithful KMS-weight. We denote the modular group of ipr by a. 

This weight satisfies the following left invariance property (corollary 6.14 of j^]). 
Proposition 3.10 Consider a £ Mip^ and lo E A*. Then {uj (g) t)Ar(a) belongs to Ai^^ and 

ipr{{uj L)Ar{a)) =Lu{l)(pr{a) . 

We have even a stronger form of left invariance condition, but we only need this one. 

So we see that the weight (pr satisfies the requirements of the beginning of section 0. 
Now we have enough information to prove some results. 

The first theorem improves the left invariance property of ipr ■ 



Theorem 3.11 Consider a G such that {ujv,v ® i)Ar{a) belongs to for every v £ H . Then a 

belongs to . 

Proof : It is clear that we can apply the results from section |l| to the weight ifr- So, call 9 the weight 



on Ar arising from ipr as described in definition 1.4. Hence, is a densely defined lower semi-continuous 
weight on Ar which extends ipr- 

Choose b e M'^ and t eR. Take v £ H. 

In definition 5.1 of 0, we defined a * -automorphism Tt on Ar which was implemented by a positive 
injective (generally unbounded) operator M, i.e. tj(x) — M**a;M~'* for every x £ Ar- In proposition 5.7 
of [Q, we proved the commutation Cf = (r^ ® at)Ar. Therefore, 

(W^,„ (g) t)A.r((Tt(&)) = {ujy^^ (g) i){{Tt (g) at)Ar{b)) 

= CrtiiuJAI-^tvAI-^^v'^ '')^rib)) ■ (*) 
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By the definition of 6, we have that [ijjj^/i-it^j^.j-it^ (g) i)Ar{h) belongs to AlJ^ and 

^r{{uJM-^H,M-^^v®i)^r{h)) = {M-'' V , M''' v) 0{b) = {v , v) 9{b) . 

This implies that at{{uJM~'*v,M~^*v ® i')^r{b)) belongs to and 

ipr{crt{{i^M-itv,M-iH <^ >')^r{b))) ^ tpr{{uJ m-^^v ,M-'*v ® >) ^r{b)) = {v,v)6{b) . 

Therefore, equation (*) implies that (uj^^v (g) i)Ar(crt(6)) belongs to and 

ipr{{i^v,v <E) L)Ar{(Jt{b))) ={v,v)9{b) . 

We get by the definition of 6 that at{b) belongs to Al^j" and that 

{v,v)e{atib)) ^ipr{{ujy,v(E)L)Ariat{b))) = {v,v)e{b) 
for every v E H. So we see that 9{at{b)) — 0{b). 

Consequently, we have proven that 9 is invariant with respect to a. Combining this with the fact that 6 



is an extension of ifr and using proposition 2.3, we see that ipr = 9. The theorem follows 



Next, we prove some results about the uniqueness of the left Haar weight on the C*-algebra level. In both 
cases, the uniqueness follows from some left invariance property and some relative invariance property. 

We first start with a weaker form of uniqueness. The proof strongly resembles the proof of proposition 
7.1of §. 

Remark 3.12 If we look at the proof of proposition 6.9 of 0, we see that also the following weaker form 
is true: 

Consider a dense left ideal N in Ar such that (uJv.v ^ t)Ar(a) belongs to N for all a G and all v E H. 
Then Tr{A) is a subset of N. 



Proposition 3.13 Consider a densely defined lower semi- continuous weight rj on Ar such that we have 
for every a G and every v E H that {ujy^^ (g) t)Ar(a) belongs to and 

?7((w„_^ g) t)A,.(a)) = {v,v)ri{a) . 

Then there exists a positive number r such that rtpr'^V- 

Proof : We know that is a dense left ideal in A. Choose a G and v G H, then 

[{oJv^v g) t)Ar(a)]* [{ujy^y g) t)Ar(a)] < \\ujy^y\\ {uJv^v g) L)Ar{a*a) . 

Because a*a belongs to , we have by assumption that (a;„^„ (g L)Ar{a*a) belongs to M^. Therefore, 
the previous inequahty imphes that the element [(w„,t,g)t)Aj.(a)]* [(a;„_^(gt)Ar(a)] belongs to A^^. Hence, 
{cuy^v ® i)Ar(a) belongs to A/",,. 

By the remark before this proposition, we can conclude from this all that Tr{A) is a subset oiAfri- Because 
A* A — A, we get that n{A) is a subset of 

So we can define the positive linear functional cf) on A such that 4>{a) = ri{TT{a)) for every a G A. 
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Choose a,b e A. Take cE B. Then 

V3(c*(t0 0)(A(a)(6(g)l))) = 0((^0/,)((c*(^l)A(a)(&(g)l))) 

= r7(7r(((^0O((c*«)l)A(a)(6(g)l)))) 
= f7((^A(6),A(c) '-)^r-(7r(a))) . 

Because 7r(a) is an element of A4ri, we get by assumption that (ij-'A(b),A(c) ® '-)Ar(7r(a)) belongs to A^^ 
and 

'7(('^A(b),A(c) Ar(7r(a))) - vi^^ia)) (A(6), A(c)) = (/.(a) <fi{c*b) . 
So we see that 93(0* (i 0)(A(a)(6 1)) ) = 0(a) (^(c*6). 

Hence, the faithfulness of ip (see proposition 3.4 of [^) implies that (/, (f)){A{a){b 1)) = (f){a) b. 

Therefore, </> is a left invariant functional on A. By the uniqueness of the Haar functional on the *-algebra 
level (see theorem 3.7 of jl^), we get the existence of a positive number r such that (f) = rip. 
Consequently, we have proven that n(A) C and r]{x) = ripr{x) for every x € 7r(A). 

Take a GNS-construction (7J^,A^,7r^) for 77. 

Choose y G A/"^^. Because tt{A) is a core for (see theorem |3.8[ ), there exists a sequence y„ G 7r(yl) such 
that {yn)^=i converges to y and (Ar(y„))^i converges to Ar{y). By the first part of the proof, we know 
already for every n S IN that y„ belongs to A/",,. Furthermore, we have for every m, n G IN that 

||A,,(2/m) - Ar,{ynW = ViiVni ^ Vn)* {y-ni ~ Vn)) 

= r(Pr{{yni - yn)*{yni - J/n)) ^r\\Ar{ym) - Ar{ynW ■ 

This implies that (A^(2/„))5JL]^ is Cauchy and hence convergent. So the closedness of A,, implies that y 
belongs to A/",, and that iAjj{yn))^^i converges to A^(y). 
We have for every n g IN that 

(A^(?/„), A^(y„)) = viVuVn) =ripr{y^yn) = r {Kr{yn) ■, K{yn)) 
which implies that (A^(?/), A^(j/)) = r {Ar{y), Ar{y)) . The proposition follows. H 

Under stronger conditions, we can prove a real uniqueness result which will be shown below. 

From proposition 3.15 of Q], we know that there exists a unique norm continuous one-parameter group 
K on Ar such that (trt (g) Kt)Ar = Ar at for every i g R. This one parameter group is used to formulate 
some uniqueness result. 

Theorem 3.14 Consider a non-zero densely defined lower semi- continuous weight 77 on Ar such that 

1. We have for every a G and v E H that {10^^^ t)Ar(a) belongs to and 

ri{i^v,v O^r(a)) ??(«) {v, v) . 

2. The weight rj is relatively invariant under K . 

Then there exists a unique strictly positive number r such that r] ~ r ipr- 

Proof : By assumption, there exists a unique strictly positive number A such that rj Kt = X* rj for every 
t G R. 

The previous proposition implies the existence of a positive number r such that 77 is an extension of r ipr- 
We automatically have that r 7^ 0. (If r would be 0, then 77 would be on the set tt{A) so the lower 
semi- continuity of 77 would imply that 77 = 0.) 
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Because is invariant under tr, we have also the existence of an injective positive operator V in iJ such 
that V'*Ar(a;) = kr{at{x)) for every t € R and x S M^^. Then (Tt{x) = V**a;V~** for every x € Ar and 
t e R. 

Again, the requirements of the beginning of section |l| are satisfied and we get a weight 6 arising from 



r] according to definition 1.4. Hence, is a densely defined lower semi-continuous weight on Ar which 



extends rj. So 9 will also extend npr- 

Choose b G A4'^ and i g R. Take v £ H. By the remarks before this theorem, we get that 
{w^^v (g) i.)Ar{at{b)) = {uj^^y® i){{cjt® Kt)lS.r{h)) 

By the definition of 0, we have that ((jJv-»*d.v-"d ® i-)^r{b) belongs to and 

r,((^v--.,v-". ® i)^r{h)) = (v-"«, v-"«) e{b) = {v, v) e{b) . 
This implies that iiTf (((jJv-»*D,v-"t) ® i-)Ar{b)) belongs to and 

?7(7^f ((wv-"i,,v-"i, ® = A* ry((wv-.t„,v-"i, ® O^rW) = A* (w, t;) 61(6) . 

Therefore, equation (*) implies that {uJv^v (g) L)Ar{(Tt{b)) belongs to and 

V{{(^v,v ® L)Ar{crt{b))) = A* (W, W) 0{b) . 

Therefore we get by the definition of 9 that at{b) belongs to and that 

{v, v) e{at{b)) - ?7(K,„ ® L)Ar{at{b))) = A* {v, v) e{b) 
for every v <E H. So we see that 6{at{b)) = A* 9{b). 

Consequently, we have proven that 9 is relatively invariant with respect to a. Combining this with the 



fact that 9 is an extension of r (pr and using proposition 2.3, we see that 9 — r ipr- Because r ipr rj C- 9, 
we get that rj = r ipr. H 



Of course, also the following uniqueness result is valid. It follows immediately from propositions 3.13 and 



2.3 (without using the extension 9). 

Theorem 3.15 Consider a non-zero densely defined lower semi- continuous weight rj on Ar such that 

1. We have for every a G and v £ H that {ujy_y t)Ar(a) belongs to and 

'ri{i^v,v <Xi t)Ar(a)) = 77(a) {v, v) . 

2. The weight rj is relatively invariant under a. 

Then there exists a unique strictly positive number r such that rj — r ipr- 
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